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ABSTRACT 

The classical theorems of 0. Perron and G. Frobenius about spectral properties of 
matrices with positive entries have been studied and generalized by various authors. 
In the book of A. Berman and R. J. Plemmons [3] the finite-dimensional aspects of this 
theory are described, whereas in the two monographs of H. H. Schaefer [20, 211 the 
infinite-dimensional theory is developed. Our purpose is to continue these extensions 
to finite-dimensional C*-algebras, obtaining a complete description of the spectrum of 
positive irreducible operators on such ordered vector spaces. 

1. PRELIMINARIES 

In our paper A is always a finite-dimensional C*-algebra and 1 the unit of 
A. A+ : = (x*x: XE A} is the positive cone of A which is generating and 
normal and contains 1 as interior point. For more properties of A+ see 
Pedersen 116, 1.31; it should be noted that A+ is a lattice cone iff A is 
commutative, i.e. A = Q= n for some n EN. If T E I,( A), L(A) the vector space 
of all linear operators on A, then T is called positive (in symbols T >O) if 
T(A+)CA+. For such a Tit is known that the spectral radius r(T) is a pole 

of the resolvent of maximal order on the spectral circle { hf u(T) : 1 X I= r(T)}, 
a(T) the spectrum of T, and there exists a OZ x E A+ such that TX = r(T)% 
(Berman and Plemmons [3, 1.3.21). 

If A is commutative, then for r*a~a(T), r=r(T), I&/=1, one has r-P, c 
a(T), where I’, is the cyclic subgroup of the circle group r generated by cy. In 
particular, this implies that Q: is a root of unity when r#O (see, e.g. Schaefer 
[21, 1.2.71). But this result cannot be extended to the noncommutative case. 
To see this, let A be the algebra of all n X n matrices over Q=, and let 1 #u E A 
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be unitary. If TE L(A) is the positive mapping x H uxu* (x~ A), then 
a(T)= {h.p* : A, p E a(u)} and may be noncyclic. Therefore we restrict our 
considerations to the class of irreducible operators, where 0~ TE L(A) is 
called irreducible if no face of A+, distinct from (0) and A+, is invariant 
under T. Recall that a face F is a subcone of A+ satisfying the following 
condition: 0~ y G X, x E F, yE A implies yE F. Note that every face in a 
finite-dimensional C*-algebra is closed and there exists a projection p E A 
such that F = pA+ p, where p E A is called a projection if p = p* and p2 = p 
(Pedersen [16, 1.51). For XE A+ let Fx:= U ~~in[O, x], where [0, x]: = (2~ 
A:O<zGr}.ThenF,isafaceinA+, and we call F, the face generated by x. 

To carry out our analysis of positive irreducible operators on finite- 
dimensional C*-algebras we need some facts from the theory of Jordan 
algebras; we refer primarily to the book of Braun and Koecher [4] and to the 
recent article of Alfsen, Shultz, and Stormer [l]. By definition a formally real 
finite-dimensional Jordan algebra (J, 0 ) if a finite-dimensional, commutative, 
but not necessarily associative algebra over the reals with identity, such that 
Xo(Xsoy)=Xs0(Xoy) (;r,yEJ), where x2=x0x, and if C:zlxz=O then 
x,=0 (i’l,..., n). Z is called a JB-algebra if there exists a norm on J 
satisfying the following requirements for x, y EZ: 

(a) IIx~yll~ll~ll~llyll, 
(b) lIx211=lIxl12, 
(c) II x2 II G II x2 II + II y2 II. 

Thus A”“, the self-adjoint part of A, is endowed with the product x 0 y : = i( xy 
+ yx), X, y EAT=, a ZZ?-algebra. 

For the following we have to introduce a special class of J&algebras, the 
so-called abstract spin factors. For this we consider a real Hilbert space H 
with scalar product ( 1 ), norm I] II 2, and choose an arbitrary vector o E H 
with ]]~l]~=l. Then H={o}L@lin{u}, where lin{o} is the linear subspace 
of H generated by {v}. Next we define on H a product 0 as follows: 

where (Y, PEIW, 5, n E {u}l. Then (H, 0) is a Jordan algebra and a J&algebra 
with respect to the norm IIau+~ll:=~(~~+~~~~~~. The positive cone of this 
Z&algebra is given by the set of av + [E H with ]I 5 II 2 G (Y (also sometimes 
called the “ice-cream cone”), and the Jordan automorphisms are the orthogo- 
nal operators in L(H) with u as fixed vector (Topping [24]). 

EXAMPLE 1.1. The identity map Z on A is irreducible iff A =Q=. Hence- 
forward we assume dim A >2. 
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EFLAMPLE 1.2. Let M, be the C*-algebra of all complex n Xn matrices, 
and let 1 #u EM, be unitary. Then the *-automorphism T: XH UXU* is not 
irreducible. To see this choose a projection REM, with pu=Xp for some 
X E Q= with ]h] = 1. Then Tp = p; hence the face Fp is T-invariant and nontrivial 
for l#p. 

EXAMPLE 1.3. Let A= M,. Then A” is a ./B-algebra, and with the aid of 
the isomorphism 

i 

a11 a12 + ia 

i 

-~(~11+~22)+(~(~11-~22),~12~~21)~ (*) 

a12 - iazl a22 

where Q ER, we see that A”” is isomorphic to the spin factor fin{ l} @R3. 
On R3 we consider an orthogonal operator U with a(U)={ -1, X,X*}, 
where AEC-R, and define TEL(H) as T:=Z@U. Then Tis positive, and 
no nontrivial face of H, will be invariant under T. To see this we first note 
that the means T,, : =(l/n)z~~,rTi converge in L(H) to a projection P with 
P(H)=Fix(T):={[EH: T.$=[}, since T is orthogonal (see, e.g., Halmos [ll, 
$j92]). For the unique linear form r on H with r( 1)~ 1 and r( { l}’ )= 0 we 
have tT7=7, from which it follows that P[=r([)l for all ~EH. Now if F is a 
face in H, and if O<EEF, then 0<7(5)1=lim,,,T,(S)EF; hence F=H+. 
Since A=&“@ iA” and since the isomorphism (*) is also an order isomor- 
phism, we get an operator on A which is positive, is irreducible, and has the 
set { 1, - 1, X, h*} as its spectrum. This example shows that in general the 
peripheral spectrum of an irreducible positive operator is not a subgroup of 
the circle group, in contrast to the commutative finite-dimensional situation. 

EXAMPLE 1.4. Again we consider the C*-algebra M, and let TEL(A) be 
the mapping x++Tr( x)1 -x, where Tr is the trace on M,. Then the character- 
istic equation of T is A(X) = (A + 1)3(X - l), and the minimal polynomial 
m(X) = (h + l)( A - 1). A similar argument to the above shows the irreducibil- 
ity of T, but in contrast to the commutative (finite-dimensional) situation, - 1 
is not a simple root of the characteristic equation (though it is a simple pole). 

Since our C*-algebra is finite-dimensional, there exists a normalized, 
faithful trace functional Tr on A, i.e. Tr( 1) = 1, Tr( .z) = 0 for z E A + implies 
z=O and Tr(xy)=Tr(yx) for every x,yEA. Thus we can identify A*, the 
dual space of A, with A under the pairing 

(X,y):=Tr(ry) (x, YEA), (*) 

and we let ‘T denote the adjoint of TEL(A) under the identification (k), i.e. 
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(x, TY)=(~T~, y) and “(‘T)=T. Then a(T)=a(‘T), and since for any face 
FcA + and its polar face F” : = {z~A+:(x,z)=Oforallx~F} therelations 
T(F) cF and ‘T(F”)~Fo are equivalent, T is irreducible iff ‘T has this 
property. In this case r(T) is a simple eigenvalue for both T and ‘T, and each 
of these operators possesses a strictly positive eigenvector pertaining to r(T) 
(see, e.g., Berman and Plemmons [3, 1.3231). 

2. THE MAIN THEOREM 

We are now prepared for the announced extension of the Perron-Frobenius 
theorem to the noncommutative setting. Recall that the peripheral spectrum 
of T is the set of all eigenvalues h satisfying ]h] =r(T) and that a J&algebra 
with only trivial ideals is called simple. 

PROPOSITION 2.1. Let A be a finitedimensional C*-algebra, let OGTE 
L(A) be irreducible with Tl= 1, and let M be the linear span of all 
eigenvectors of T pertaining to the peripheral eigenvalues. 

(a) MSa: = M II A”” is a .B-subalgebra of A”“, and T 1 Ms is a Jordan 
automorphism on M”“. 

(b) There exists a k a 1 and (up to a permutation) uniquely determined 
simple Jordan ideals I o, J l,...,.Jk_-linMSasuch thatM”“=@~Z~,‘Ji, To(Jj)=Jitl 
(0~ i G k - 1, Jk = Jo), and Jo is isomorphic either to R or to the spin factor 
R@lR” for some ~22. 

Proof Given OGTEL(A), one has IITIIT(a2~)~T(a)2 for all aEA”” by 
a famous result of Kadison [13]. It follows that 

IITIIT(x*x+xx*)~T(x)*T(x)+T(x)T(x)* (xEA), (1) 

since (x+x*) and i(x-x*) are self-adjoint. If one defines, for x,y~A, 
xoy:= b(xy+yx), then (1) reads 

IITIIT(x*+~T(x)*oT(x) (xEA). (2) 

Since I]TII=IITlII=l, the mapping 

B:=((x,y)+T( x*oy)-T(x)*oT(y)): AXA+A (3) 

is positive, is sesquilinear, and satisfies B(x, x) = 0 for some x EA iff B(x, y) = 0 
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for every YEA. To see this one has only to note that for z EA + the mapping 

(r, Y)H(B(X, Y)> > z is a positive semidefinite scalar product on A. Hence 
(B(r,x),z)=O iff (B(x,y),z)=O f or every YEA by the Cauchy-Schwarz 
inequality. This implies the assertion, since A + is generating. 

Let X be a peripheral eigenvalue with eigenvector xh. Then T(x,* 0 xh)> 
Tot= X: 0xX. Since 1 is the strictly positive fixed vector of ‘I’, we 
have T(x~ox,)=x~ 0 xx = T(xjr) 0 T(x,) because of OG (XT o xx - 
T(xT 0xX),1)=0. Consequently, B(x,, xX)=0, and therefore B(x,, y)=O for 
every YE A. Thus if (Y, /3 are peripheral eigenvalues of T with eigenvectors 
x,, xB, we obtain T(xz 0 x8) = T( xz) 0 T(xg). So if M is the linear span of all 
the eigenvectors of T pertaining to the peripheral eigenvalues, M is closed 
under the product 0, and hence MSa: = M fl A”” is a finite-dimensional 
J&algebra. Furthermore, To: = TI,, is a Jordan automorphism. 

Since MSa is finite-dimensional, there exists a maximal k 3 1, uniquely 
determined (up to a permutation) simple Jordan ideals J,, J1,. . . ,Jk_ 1, and 
projections p,,,p, ,..., pk_i in MS, such that Ji=Msaopi (i=O,l,..., k-l) 

and M”” = @FZ/li (Braun and Koecher [4, 1.8.31). Since To is a Jordan 
automorphism, the Jordan ideals T,( Ii) are also simple, hence equal to some Ji, 
jE{i:O<i<k-1). Th erefore we can assume, by the irreducibility of To, 
that T,(l,)=J,, T,(J,)=J,,..., T,(J,)= Jo for some OG I G k - 1. Suppose we 
have Z<k-1; then for p:=8f,api we have l#p, p>O, and T,(p)=p. 
Since p is not strictly positive, FP is a nontrivial T-invariant face. To avoid this 
contradiction we must have 1 = k - 1. 

By the results of Jordan, von Neumann, and Wigner [12, Fundamental 
Theorem 21, noting that the product 0 is defined with the aid of an 
associative product, we have that Jo is isomorphic to R, or to MC(H) (n >3), 
where DQ is the field R,C or the Hamilton quaterion division algebra D-I, or to 
the spin factor H = R @R”, s 22. 

Case I: .&,=R. Then J,=R for all OGiGk-1, and To is given by an 
irreducible permutation matrix. In this case the peripheral spectrum of T is of 
the form r,, where r, is the group of all kth roots of unity. 

Cuse2: &=Mr(H), H=R,C,W, na3. Since S:=T,kis a Jordanaute 
morphism on Jo, there exists a bijective, linear mapping U on the vector space 
06 n such that for all x E Jo we have Sx = UX UP1 or Sx = U( ‘x)U-‘, where tx is 
the transpose of the matrix x (Dieudonni: [7]). In the first case we choose a 
projection p E Jo, 0 # p # p,, with UpV’=p. Then for all O<i<k-1, 
T,‘(p) is a projection # pi in 4; hence q : = 2fziTd( p) is positive and # 1 in A 
with T9 = 9. Since the nontrivial face F, is T-invariant, we obtain a contradic- 
tion. In the second case we get a contradiction in the same way. Hence 
&, = M,“(H) with K = R, C, W is impossible. 

Cuse3: J,=lin{p,}~lRIW”forsomes a2 and the proposition is proved. n 
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Motivated by the commutative situation, we call the number k appearing 
in the second part of Proposition 2.1 the index of imprtmitivity of T. Note 
that k is not the number of points in the peripheral spectrum of T (compare 
Example 1.3, where k= 1). 

LEMMA 2.2. Let O<TEL(A) be irreducible. Then r=r(T)>O, and r-‘T 

is similar to an irreducible 0~s EL(A) with Sl = 1. 

Proof. If r=O, then O=(Tx, y) for all LEA, and some interior point 
y EA + ; hence T=O. By the irreducibility of T there exists a strictly positive, 
thus invertible, element XEA + with T -lTx=x. Then the operator 

satisfies Sl=l, and S is similar to r-‘T via S=r-‘U-‘TU, where U is the 
positive mapping z- x ‘4zr ‘I2 The rest of the assertion is obvious. . n 

THEOREM 2.3. Let A be a finitedimensional P-algebra, and let OG TE 

L(A) be irreducible with index of imprimitivity k and spectral radius r. 

(a) There exist peripheral eigenvalues A 1, X 2, . . . , h m with h i G? r rk (1 G i G 

m), r, the group of all kth roots of unity, such that 

(b) Each X Err, is a simple root of the characteristic equation (hence a 

simple eigenvalue) of T. 

(c) The spectrum of T is invariant under the group of rotations (of the 

complex plane) corresponding to r,. 

Proof. By Lemma 2.2 we can assume Tl = 1. Let A4 be the linear span of 
all eigenvectors pertaining to the peripheral eigenvalues of T. Then by 
Proposition 2.1 there exist projections p,, p,, . . . , pkPl in the Jordan algebra 
M”“, such that TP~=P~+~ [iEZ/(k)] and p,0p,=6,~p,, where Sii is the 
Kronecker symbol. Since B( pi, pi) =O, we have B( pi, x)=0 for every x EA by 
Equation (3) in the proof of Proposition 2.1. Thus T(xo pi)= T(x) 0 pi+l for 
every x EA. 

Given a primitive kth root of unity E E r,. For x E A we let xi : = x 0 pi 

(O<i<k- 1) and define Ux:=BiZOe k r -(‘+‘)xi. Because z:z,‘pi=l, U is linear 
and bijective with inverse U-‘(~)=~~~,‘E(~+~)X,. Then an easy computation 
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shows, using T(xop,)= T(x)opi+i, that ET(x)=(U-iZ’U)(x) for every XE A. 
Therefore T is similar to ET; hence the assertions are fulfilled, since 1 is a 
simple root of the characteristic equation of T and a(T) = a(U-‘TU) = a(eT) 
= e-a(T). H 

Proposition 2.1 shows that the asymmetrical behavior of the peripheral 
spectrum is caused by the spin factors, whereas for positive operators the 
spectrum is always symmetric with respect to the real axis. For a study of 
positive operators on the finite-dimensional spin factors we refer to the article 
of Loewy and Schneider [15]. 

To avoid this asymmetry, we study a special class of positive operators. 
Recall that an operator TE L(A) is called e-positive if T@Z, is positive on the 
C*-algebra A@MM,, I, denoting the identity on M,. For a discussion of 
Bpositive operators see Choi [S, 61. For the following proposition compare 
also Evans and Hoegh-Krohn [8, p. 3521. 

THEOREM 2.4. Let A be a finitedimensional C*-algebra, and let TE L(A) 
be 2-positive irreducible with index of imprimitivity k and spectral radius r. 

(a) The peripheral spectrum of T is of the form I-’ I’,. 
(b) A is the direct sum of k left ideals Ji such that T(J,) c Ji+l, where 

i=O,l,..., k-l and.&=&. 

Proof. (a): As in Lemma 2.1, we define for a strictly positive fixed vector 
z~AofTtheoperatorSEL(A)bySx=r~‘z~’~~T(z’~~3~z’~~)~~~~~(xEA) 
[i.e., S = r-‘V’TU, where U is the (positive) operator x H ,1/2~z’/2], and 
prove the assertion for S. By the positivity of T@Z,, (U@Z,)) ‘, and U@Z, on 
A@ M,, we see that S@Z, is positive too. Thus S is 2-positive and satisfies the 
inequality S(X*X)~ S(x)*S(x) for all XE A (Choi [6]). Considering the map 
ping B(x, y)= S(x*y)- S(x)*S(y) from A X A into A, we have B(x, x)=0 
for some XE A iff B(x, y)=O for every YE A. If x,, xg are eigenvectors of S 
belonging to the peripheral eigenvalues a, ,Z3 then in the same manner as in 
the proof of Proposition 2.1 [Equation (3)] we see that S(xzrg) = S( x,)*S(xs) 
= a*/%$~~. Thus assuming ]I X, ]I = 1, we get x, unitary, since x:x, is a fixed 
vector of S, and hence must be equal to 1 by the normalization condition. 
Therefore r*,xS #O, and the peripheral spectrum of S is a subgroup of the 
circle group, hence equal to the group of all kth roots of unity. 

(b): First we assume Tl= 1. By Proposition 2.1 there exist projections 
p,, ~~,...,p~_~ in the Jordan algebra M”” such that T(p,)= pi+l (iEZ/(k)). 
Since the pi’s are mutually orthogonal projections in A with 8::;~~ = 1, A is 
the direct sum of the left ideals Ji : = Ap,. Since B( pi, pi) = 0, B( , ) the 
bilinear mapping in the last paragraph, we have T( rp, ) = T( x)T( pi) = 
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T(x)Pi+l; thus T(Ji)CJi+l for i EZ/(~). For the general case note that 
T=rUSU -l, where Sl= 1 and U is an algebra automorphism on A. n 

EXAMPLE 2.1. Since on a commutative C*-algebra every positive opera- 
tor is 2-positive (Choi [5]), the results above include the classical theorems of 
Perron and Frobenius (see, e.g. Schaefer [21, 1.6.51) 

EXAMPLE 2.2. For the operator in Example 1.3, we have k= 1. This 
example shows that also in this case the peripheral spectrum may be a 
subgroup of the circle group. 

EXAMPLE 2.3. Example 1.4 shows that the conclusion of Theorem 2.3(b) 
may be wrong for A@r.Pk. 

EUMPLE 2.4. Let K be the set { 1,2,. . . , n}, n a natural number, let r be 
a cyclic permutation of length n on K, and let SEL( M,) be as in Example 
1.3. We consider the C*-algebra A=C(K, M,) of all M,-valued functions on 
K equipped with pointwise addition and multiplication, and the operator 
TEL(A) given by 

Then T is irreducible on A. To see this, we first note that A is isomorphic (as a 
C*-algebra) to Q: “@ M, and T = P,,@S, where P, is the permutation matrix 
corresponding to 7r. Then a(T) = { a8 : CXE a(S), k E K}, where E is a primi- 
tive nth root of unity. The eigenvectors of T are given by &@‘xi, i E K, 
j=l,..., 4, where ti is an eigenvector belonging to Pm and xi is an eigenvector 
pertaining to S. Thus 18 1 is the (unique) strictly positive fixed vector 
pertaining to T and tT, so T is irreducible and a(T) n r = U {CC,, : a E a(S)}. 

EXAMPLE 2.5. Let SEL(M,) be given by Sx=$[2Tr(x)l-x] (xEM,). 
Then S is 2-positive (Choi [4, p. 5221) and Sl = 1. An easy computation shows 
that A(X) = (X - l)( X + f )” is the characteristic polynomial and m(X) =(X - 
l)( X + i) is the minimal polynomial of S. Since 1 is the unique fixed vector for 
S and ‘S, we can in the same manner as above construct an irreducible, 
2-positive operator on A = C ‘BM,, which has the group 1, as peripheral 
spectrum. 

REMAF~K 2.1. If T is 2-positive and irreducible with T 1 = 1, then Theorem 
2.4 shows that the normalized eigenvectors of T belonging to the peripheral 
eigenvalues form a group G. The mapping G- 1, which maps each u E G 
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onto the corresponding eigenvalue is a homomorphism (character) with kernel 
{al: ~EI-}. Thus r,=G/T. 

REMARK 2.2. Let TEL(A) be 2-positive with r(?‘)= 1. If the fixed space 
of ?’ is one-dimensional and T or ‘T has a strictly positive fixed vector, the 
peripheral spectrum of T is a subgroup of the circle group and its elements 
are simple roots of the minimal polynomial. This shows that there exist 
weaker conditions than irreducibility implying that the peripheral spectrum is 
a group. 
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